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Abstract

This work begins with a systematic study of abstract noncommutative
Fourier series on Γ\SE(2), where Γ is a discrete and co-compact sub-
group of SE(2), the group of handedness-preserving Euclidean isome-
tries of the Euclidean plane.

Introduction

The 2D special Euclidean group, usually denoted as SE(2), is one of
the simplest examples of a noncommutative, noncompact real finite di-
mensional Lie group. The right coset space of discrete and co-compact
subgroups in SE(2), such as Z2\SE(2), appears as the configuration
space in many recent applications in computational science and engi-
neering including computer vision, robotics, mathematical crystallogra-
phy, computational biology, and material science [2, 3, 4].

Preliminaries and Notation

The 2D special Euclidean group, SE(2), is the semidirect product of
R2 with the 2D special orthogonal group SO(2). We denote elements
g ∈ SE(2) as g = (x,R) where x ∈ R2 and R ∈ SO(2).
The classical Fourier Plancherel formula on the group SE(2) is∫

SE(2)
|f (g)|2dg =

∫ ∞
0
‖f̂ (p)‖2

HSpdp,

and also the noncommutative Fourier reconstruction formula is
f (g) =

∫ ∞
0

tr
[
f̂ (p)Up(g)

]
pdp, (1)

for f ∈ L1 ∩ L2(SE(2)) and g ∈ SE(2), where for each p > 0, the
irreducible representation Up : SE(2)→ U(L2(S1)) is

[Up(g)ϕ](u) := e−ip〈u,t〉ϕ(RTu), (2)
for all g = (t,R) ∈ SE(2), ϕ ∈ L2(S1), u ∈ S1, and the Fourier
transform of each f ∈ L1(SE(2)) at p > 0 is given by

f̂ (p) :=
∫
SE(2)

f (g)Up(g−1)dg. (3)

The standard orthonormal basis for the Hilbert function space L2(S1)
is B := {ek : k ∈ Z}, where for each k ∈ Z, ek : S1→ C is given by

ek(uα) = ek(cosα, sinα) := eikα.

For each g ∈ SE(2) and p > 0, the matrix elements of the operator
Up(g) with respect to the basis B, are expressed as

umn(g, p) = 〈Up(g)em, en〉L2(S1), (4)
for each m,n ∈ Z, see [1].

State of the problem

•Let Γ be a discrete co-compact subgroup of SE(2).
•Suppose µ is the finite SE(2)-invariant measure on the right coset
space Γ\SE(2) which is normalized with respect to Weil’s formula
given by ∫

Γ\SE(2)
f̃ (Γg)dµ(Γg) =

∫
SE(2)

f (g)dg, (5)

for f ∈ L1(SE(2)), where
f̃ (Γg) :=

∑
γ∈Γ

f (γ ◦ g), (6)

for g ∈ SE(2).
•Let ϕ = f̃ ∈ L1(Γ\SE(2), µ) with f ∈ L1(SE(2)) be given.
•How to expand ϕ using coefficients of Fourier matrix elements of f
on SE(2) given by (3)?

Theorem (GF-Chirikjian)

Let Γ be a discrete co-compact subgroup of SE(2) and E(Γ) :=
{ψ` : Γ\SE(2) → C | ` ∈ I} be a (discrete) orthonormal basis for
the Hilbert function space L2(Γ\SE(2), µ). Let f ∈ L1∩L2(SE(2))
such that f̃ ∈ L2(Γ\SE(2), µ). We then have

〈f̃ , ψ`〉 =
∑
n∈Z

∑
m∈Z

∫ ∞
0
f̂ (p)nmQ`(p)mnpdp, (7)

where
Q`(p)mn :=

∫
SE(2)

umn(g, p)ψ`(Γg)dg,

and
f̂ (p)nm = 〈f̂ (p)en, em〉,

for p > 0, ` ∈ I, and m,n ∈ Z.

Proposition (GF-Chirikjian)

Let Γ be a discrete co-compact subgroup of SE(2) and E(Γ) :=
{ψ` : Γ\SE(2) → C | ` ∈ I} be a (discrete) orthonormal basis
for the Hilbert function space L2(Γ\SE(2), µ). Let f ∈ L1(SE(2))
such that |̃f | ∈ L2(Γ\SE(2), µ). We then have

〈f̃ , ψ`〉 =
∑
n∈Z

∑
m∈Z

∫ ∞
0
f̂ (p)nmQ`(p)mnpdp, (8)

Let f ∈ L1(SE(2)) and ψ ∈ L1(Γ\SE(2), µ). We then define the
convolution of f with ψ as the function ψ � f : Γ\SE(2)→ C via

(ψ � f )(Γg) :=
∫
SE(2)

ψ(Γh)f (h−1 ◦ g)dh, (9)

for g ∈ SE(2).

Theorem (GF-Chirikjian)

Let Γ be a discrete co-compact subgroup of SE(2) and E(Γ) :=
{ψ` : Γ\SE(2) → C | ` ∈ I} be a (discrete) orthonormal basis for
the Hilbert function space L2(Γ\SE(2), µ). Let fk ∈ L1(SE(2))
with k ∈ {1, 2} such that |̃f1| ∈ L2(Γ\SE(2), µ). We then have
〈f̃1 � f2, ψ`〉 =

∑
n∈Z

∑
m∈Z

∑
k∈Z

∫ ∞
0
f̂1(p)nkf̂2(p)kmQ`(p)mnpdp. (10)
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