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In 1695 l’Hospital inquired to Leibnitz what meaning could be
given to the symbol dny/dxn when n = 1/2. In a letter dated
September 30, 1695 Leibniz replied It will lead to a paradox, from
which one day useful consequences will be drawn.

This discussion lead to a new branch of mathematics which deals
with derivatives and integrals of arbitrary order and is known as
Fractional Calculus. Of course this is a misnomer kept only for
historical reasons.

It can be considered as a branch of mathematical analysis which
deals with integro-differential operators and equations where the
integrals are of convolution type and exhibit (weakly singular)
kernels of power-law type. It is strictly related to the theory of
pseudo-differential operators
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Fractional differential and integral equations have gained
considerable popularity and importance during the past three
decades. The main advantage of the fractional calculus is that
provides excellent instruments for the description of memory and
non local properties of various materials and processes.

The list of applications is huge and includes, just to cite a few,
Visco-elasticity, Electrical Circuits, Control theory, intermediate
phenomena between Diffusion and Wave propagation, Biology,
Bioengineering, Image processing, Finance, Stochastic processes .

Hereafter a partial list of books published since 2010 on theory and
application of Fractional Calculus.
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- Mainardi, F. (2010) Fractional Calculus and Waves in Linear
Viscoelasticity, College Press, London and World Scientific,
Singapore.

- Diethelm, K. (2010). The Analysis of Fractional Differential
Equations, Springer, Berlin.

- Tarasov, V.E. (2010). Fractional Dynamics: Applications of
Fractional Calculus to Dynamics of Particles, Fields and Media,
Springer, Berlin.

- Baleanu, D., Diethelm, K., Scalas, E. and Trujillo, J. (2012).
Fractional Calculus: Models and Numerical Methods, World
Scientific, Singapore.

Francesco MAINARDI Fractional Calculus: What is it? What is for?



Foreword
Historical origins of fractional calculus

Fractional calculus according to Riemann-Liouville and Caputo
Fractional calculus according to Riesz-Feller

Fractional calculus according to Grünwald-Letnikov
Abel integral equations

Fractional relaxation equations
Fractional diffusion and wave equations

- Uchaikin, V.V. (2013). Fractional Derivatives for Physicists and
Engineers. Vol. I: Background and Theory; Vol. II Applications,
Springer, Berlin/Higher Education Press, Beijing.

- Herrmann, R. (2014) Fractional Calculus. An introduction for
Physicsts, 2-nd Ed. World Scientific, Singapore.

- Atanackovic, T.M., Pilipovic, S., Stankovic, B. and Zorica, D.
(2014). Fractional Calculus with Applications in Mechanics. Vol I:
Vibrations and Diffusion Processes; Vol. II :Wave Propagation,
Impact and Variational Principles, John Wiley & Sons, Hoboken,
NJ.

- Gorenflo, R., Kilbas, A., Mainardi, F. and Rogosin, S. (2014).
Mittag-Leffler Functions, Related Topics and Applications, Springer
Verlag, Berlin.
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Fractional Calculus was born in 1695

G.W. Leibniz

(1646–1716)

G.F.A. de L’Hôpital

(1661–1704)

It will lead to a 
paradox, from which 

one day useful 
consequences will be 

drawn.

What if the 
order will be

n = ½?

n

n

dt

fd
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Leonhard Euler (1707-1783)

in 1738 gave a meaning to the derivative
dα(xn)

dxα
, for

α /∈ N

Joseph Liouville (1809-1882)

in his papers in 1832-1837 gave a solid foundation to
the fractional calculus, which has undergone only slight
changes since then.

Georg Friedrich Bernhard Riemann (1826-1866)

in a paper from 1847 which was published 29 years later
(and ten years after his death) proposed a definition for
fractional integration in the form that is still in use today.

Sanja Konjik (Uni Novi Sad) Foundations of fractional calculus Novi Sad, Feb 6-8, 2015 4 / 22
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A (partial) list of mathematicians who has provided noteworthy 
contributions  to Fractional Calculus since 1800’s up to 1950’s 
 
P.S. Laplace (1812)                              J.B.J. Fourier (1822) 
N.H. Abel (1823-1826)                          J. Liouville (1832-1873) 
B.Riemann (1847)                                 H. Holmgren (1865-67) 
A.K. Grunwald (1867-1872)                  A.V. Letnikov (1868-1872) 
H.Laurent (1884)                                   P.A. Nekrassov (1888) 
A.Krug (1890),                                      J.Hadamard (1892) 
O.Heaviside (1892-1912)                     S. Pincherle (1902) 
G.H. Hardy and J.E. Littlewood (1917-1928) 
H.Weyl (1917)                                       P. Lévy (1923) 
A.Marchaud (1927)                               H.T. Davis (1924-1936) 
A.Zygmund (1935-1945)                       E.R. Love (1938-1996) 
A.Erdélyi (1939-1965)                           H. Kober (1940) 
D.V. Widder (1941)                               M. Riesz (1949-1950) 
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Fig. 1 Timeline of main scientists in the area of Fractional Calculus.

on histograms constructed with h = 10 years bins (i.e., 1966-1975 up to 1996-
2005) with exception of the last 7 years period (i.e., 2006-2012). The value
of books published per year ni/hi, where ni denotes the number of published
objects during the period hi, i = 1, · · · , 5, is then plotted. Due to the scarcity
of data the period 1966-1975 is not considered in the trendline calculation for
the second index.

Figure 2 shows the histograms for the books with author and books edited
indices. The exponential trendlines reveal a good correlation factor, but dif-
ferent growing rates. This discrepancy means that such indices describe only a
part of the object under analysis and common sense suggests that some value
in between both cases is probably closer to the “true”. These trend lines reflect
the past and there is no guarantee that we can foresee the future as the Moore
law seems to be demonstrating recently.

Sanja Konjik (Uni Novi Sad) Foundations of fractional calculus Novi Sad, Feb 6-8, 2015 5 / 22
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Magnus Mittag-Leffler
1846-1927

John Wallis
1616-1703

In a letter to L`Hôpital in 1695 Leibniz raised the following 
question: "Can the meaning of derivatives with integer order 
be generalized to derivatives with non-integer orders?" 
L`Hôpital was somewhat curious about that question and 
replied by another question to Leibniz: "What if the order will 
be 1/2?"
 Leibniz in a letter dated September 30, 1695 - the exact 
birthday of the fractional calculus! — replied: "It will lead to a 
paradox, from which one day useful consequences will be 
drawn."

Euler observed that the result of the evaluation 
of dny/dxn of the power function xp has a 

meaning for non-integer p.

Joseph Fourier
1768-1830

© Copyright
J. Machado, V. Kiryakova, F. Mainardi  

History of
Fract ional  Calculus

2010

J.  Tenreiro Machado,  Virg in ia Kiryakova, Francesco Mainardi 

Fourier suggested the idea 
of using his integral 

representation of f(x)
 to define the derivative for 

non-integer order. 

Niels Abel
1802-1829

A relevant part of 
the history of 

fractional calculus 
began with the 

papers of Abel and 
Liouville.

Oliver Heaviside
1850-1925

Hermann Weyl
1885-1955

Grünwald and 
Letnikov developed 

an approach to  
fractional 

differentiation based 
on the limit of a sum

Laplace proposed the idea of 
differentiation of non-integer order  for 
functions representable by an integral 

∫T(t)t─xdt

Pierre-Simon Laplace
1749-1827

Salvatore Pincherle
1853-1936

Jacques Hadamard
1865-1963

Hjalmar Holmgren
1822-1885

Aleksey Letnikov
1837-1888

Anton Grünwald
1838-1920

In a paper written when 
just a student Riemann, 
that was published only 
ten years after is death, 
he arrived to an 
expression for fractional 
integration that became 
one of the main formulae 
together with Liouville 
construction.

Bernhard Riemann
1826-1866

Isaac Newton
1643-1727

Leibniz first introduced the 
idea of a symbolic method 

and used the symbol
dny/dxn = Dny 

for the nth derivative, 
where n is a non-negative 

integer.

Gottfried  Leibniz
1646 -1716

Historically, 
Isaac Newton  
and Gottfried 

Leibniz 
independently 

discovered 
calculus in the 

17th century.

Guillaume de l'Hôpital
1661- 1704

Mkhtar Djrbashjan
1918-1994

Andrew Gemant
1895 - 1983  

Arthur Erdélyi
1908-1977

Ian Sneddon
1919-2000

Eric Love
1912-2001

Liouville  formally 
extended the
formula for the 
derivative of 
integral orderDneax 
to derivatives of 
arbitrary order α
Dαeax = aαeax

Joseph Liouville
1809-1882

Marcel Riesz
1886-1969 William Feller

1906-1970

Godfrey Hardy
1877-1947 John Littlewood

1885-1977

Hermann Kober
1888-1973

1700                                 1750                                 1800                                 1850                                 1900                                 1950

Paul Lévy
1886-1971

Antoni Zygmund
1900-1992

Leonhard Euler
1707-1783

Pavel Nekrasov
1853-1924

Anatoly Kilbas
1948-2010

Joseph-Louis Lagrange
1736-1813

Karl Weierstrass
1815-1897

Yury Rabotnov
1914-1985

Harold Davis
1892-1974
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B. Ross (Editor), Fractional Calculus and Its 
Applications: Proceedings of the Int. Conf. held at 
the University of New Haven, June 1974 (Lecture 
Notes in Mathematics), 1975.

1975                                 1980                                 1985                                 1990                                 2000                                 2010

Fractional Calculus & 
Applied Analysis, IMI - 

Bulg.Acad.Sci., 
Managing Editor: 

Virginia Kiryakova.

Alain Oustaloup, La 
Commande CRONE: 
Commande Robuste 

d’Ordre Non Entier, 
Hermes, 1991.

Keith B. Oldham, 
Jerome Spanier, The 
Fractional Calculus: 
Theory and Application 
of Differentiation and 
Integration to Arbitrary 
Order, Dover Books on 
Mathematics, 1974.

Nonlinear Dynamics, Special Issues:
- Fractional Order Systems, vol. 29, n. 

1-4,  July 2002.
- Fractional Derivatives and Their 
Applications, vol. 38, n. 1-4, Dec. 

2004.

Rudolf Hilfer (Editor), 
Applications of Fractional 

Calculus in Physics, World 
Scientific Publishing 

Company, 2000.

Physics Reports, The random 
walk's guide to anomalous 

diffusion: a fractional dynamics 
approach,  vol. 339, Issue 1, 

Dec. 2000.

Chemical Physics, Elsevier, 
Strange Kinetics,  vol. 284, n. 1, 

pp. 1-541, Nov. 2002.

Alain Le Méhauté, Raoul R. Nigmatullin, 
Laurent Nivanen, Flèches du temps et 
géométrie fractale, Hermes, 2 éd, 1998.

Alberto Carpinteri, Francesco 
Mainardi (Editors), Fractals 
and Fractional Calculus in 

Continuum Mechanics (CISM 
International Centre for 
Mechanical Sciences), 

Springer, 1997.

In recent years considerable interest in fractional calculus has been stimulated by the applications it finds in 
different areas of applied sciences like physics and engineering, possibly including fractal phenomena. Now there 
are more books of proceedings and special issues of journals published that refer to the applications of fractional 

calculus in several scientific areas including special functions, control theory, chemical physics, stochastic 
processes, anomalous diffusion, rheology. Several special issues appeared in the last decade which contain 

selected and improved papers presented at conferences and advanced schools, concerning various applications 
of fractional calculus. Already since several years, there exist two international journals devoted almost 

exclusively to the subject of fractional calculus: Journal of Fractional Calculus (Editor-in-Chief: K. Nishimoto, 
Japan) started in 1992, and Fractional Calculus and Applied Analysis (Managing Editor: V. Kiryakova, Bulgaria) 

started in 1998. Recently the new journal Fractional Dynamic Systems has been announced to start in 2010.
The authors believe that the volume of research in the area of fractional calculus will continue to grow in the 

forthcoming years and that it will constitute an important tool in the scientific progress of mankind.

Physica Scripta, 
Fractional 

Differentiation and 
its Applications, 

T136, 2009.

JESA, Special Issue on 
Fractional order systems: 
Applications in modelling, 

identification and control, vol. 
42, n° 6-7-8, Aug-Out/2008

ENOC:FDTA  2005, 2008, 2011.

ASME-IDETC: CFD, 2007, 2009.

ASME-IDETC: FDTA 2003, 2005, 2007, 2009.

Michele Caputo, Elasticitá 
e Dissipazione, Zanichelli, 
Bologna, 1969.

Journal of Fractional 
Calculus, Descartes 
Press Co, Editor-in-

Chief: Katsuyuki 
Nishimoto

Int. Conference on 
Fractional calculus 
and its 
applications, 
Tokyo, 1989.

R. N. Kalia (Editor), 
Recent Advances in 
Fractional Calculus 

(Global Research 
Notes in Mathematics 
Ser.), Global Pub Co, 

1993.

Jocelyn Sabatier, Om P.  
Agrawal, J. Tenreiro 
Machado (Editors), 

Advances in Fractional 
Calculus: Theoretical 
Developments and 

Applications in Physics 
and Engineering, 
Springer, 2007.

NSC 2008, 2010.

A. C. McBride, G.F. Roach 
(Editors), Fractional Calculus, 
Research Notes in Mathematics 
No. 138, Pitman, 1985.

Only since the Seventies has fractional calculus 
been the object of specialized conferences and 
treatises. For the first conference the merit is due to 
B. Ross who, shortly after his Ph.D. dissertation on 
fractional calculus, organized the First Conference 
on Fractional Calculus and its Applications at the 
University of New Haven in June 1974, and edited 
the proceedings. For the first monograph the merit 
is ascribed to K. B. Oldham and I. Spanier who, 
after a joint collaboration begun in 1968, published 
a book devoted to fractional calculus in 1974.

Ian N. Sneddon, The 
use of operators of 

fractional integration in 
applied mathematics 
(Applied mechanics 

series), Polish Scientific 
Publishers, 1979.

The fractional calculus started from some speculations of G.W. 
Leibniz (1695, 1697) and L. Euler (1730), and it has been 
developed progressively up to now. A list of mathematicians, who 
have provided important contributions up to the middle of the 
twentieth century, includes P.S. Laplace (1812), S. F. Lacroix 
(1819), J. B. J. Fourier (1822), N. H. Abel (1823–1826), J. Liouville 
(1832–1873), B. Riemann (1847), H. Holmgren (1865–1867), A. K. 
Grunwald (1867–1872), A. V. Letnikov (1868–1872), H. Laurent 
(1884), P.  A. Nekrassov (1888), A. Krug (1890), J. Hadamard 
(1892), O. Heaviside (1892–1912), S. Pincherle (1902), G. H. Hardy 
and J. E. Littlewood (1917-1928), H. Weyl (1917), P. Lévy (1923), A. 
Marchaud (1927), H. T. Davis (1924-1936), E. L. Post (1930), A. 
Zygmund (1935-1945), E. R. Love (1938-1996), A. Erdelyi (1939-
1965), H. Kober (1940), D. V. Widder (1941), M. Riesz (1949), W. 
Feller (1952).

Riccardo Caponetto, Giovanni 
Dongola, Luigi Fortuna, Ivo Petráš, 

Fractional Order Systems: 
Modeling and Control Applications, 

World Scientific Publishing 
Company, 2010.

Francesco Mainardi, Fractional 
Calculus and Waves in Linear 

Viscoelasticity: An Introduction 
to Mathematical Models, 

Imperial College Press, 2010.

A. M. Mathai, Ram K. 
Saxena, Hans J. 
Haubold, The H-

Function: Theory and 
Applications, Springer, 

2009.

George M. 
Zaslavsky, 

Hamiltonian 
Chaos and 
Fractional 
Dynamics, 

Oxford Univ. 
Press, 2008.

Igor Podlubny, Fractional 
Differential Equations, Volume 
198: An Introduction to 
Fractional Derivatives,  
Academic Press, 1999.

Bruce West, Mauro 
Bologna, Paolo Grigolini, 

Physics of Fractal 
Operators, Springer, 2003.

Signal Processing, Special Issues:
-  Fractional Signal Processing and Applications, vol. 83, Issue 11, Nov. 2003.

- Fractional Calculus Applications in Signals and Systems, vol. 86, Issue 10, Oct. 2006.

Communications 
in Nonlinear 
Science and 
Numerical 
Simulation

Computers and 
Mathematics with 
Applications, Special 
issues: 
- Advances in 
Fractional Differential 
Equations, vol. 59, 
Issue 3, pp. 1047-
1376, February 2010 
- Fractional 
Differentiation and its 
Applications, vol. 59, 
Issue 5, March 2010.

FSS 2009, 2011.

IFAC FDA, 2004, 2006, 2008, 2010.

AMADE: 1999, 2001, 2003, 2006, 2009.

Katsuyuki Nishimoto, An 
Essence of Nishimoto's 

Fractional Calculus, Descartes 
Press, 1991

ASME Journal of Computational 
and Nonlinear Dynamics, Special 

Issue: Discontinuous and 
Fractional Dynamical Systems,  

vol. 3, Issue 2,  April 2008.

Virginia S. Kiryakova, 
Generalized Fractional 

Calculus and Applications, 
Pitman Research Notes in 

Mathematics, vol. 301, 
Chapman & Hall, 1993,

Kenneth S. Miller, 
Bertram Ross, An 
Introduction to the 

Fractional Calculus 
and Fractional 

Differential 
Equations, John 
Wiley and Sons, 

1993.

Dumitru Baleanu, J. Tenreiro Machado, 
Ziya B. Guvenc (Editors), New Trends in 
Nanotechnology and Fractional Calculus 

Applications, Springer, 2001.

A. M. Mathai, Hans J. 
Haubold, Special 
Functions for Applied 
Scientists, Springer, 
2008.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, 
Theory and Applications of Fractional 

Differential Equations, Volume 204 (North-
Holland Mathematics Studies), Elsevier, 2006.

George A. Anastassiou, 
Fractional Differentiation 

Inequalities, Springer, 
2009.

Stefan G. Samko, Anatoly A. Kilbas, Oleg I. Marichev, Fractional 
Integrals and Derivatives: Theory and Applications, Nauki i 

Tekhnika, Minsk, 1987 and Gordon and Breach, 1993.

Concepción A. Monje, 
YangQuan Chen, Blas M. 

Vinagre, Dingyu Xue, 
Vicente Feliu, Fractional-

order Systems and 
Controls: Fundamentals 

and Applications 2010.

TMSF: 1994, 1996, 1999, 2003.

Denis Matignon, Gérard Montseny 
(Editors), Fractional Differential 
Systems: Models, Methods and 
Applications, European Society for 
Applied and Industrial Mathematics 
(ESAIM), Vol. 5, 1998.

Recent History
of

Fract ional  Calculus
September 2010

J.  Tenreiro Machado, Virg in ia Kiryakova, Francesco Mainardi 
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Mathematica Balkanica,, Special Issue 
“Proc. 4th Int. Symp. Transform 

Methods & Special Functions, 
Borovets’2003” , vol. 18, No 3-4, 2004.

Journal of Vibration 
and Control, Special 

Issue: Fractional 
Differentiation and 

its Applications, vol. 
14,  Sept. 2008.

Kai Diethelm, The Analysis of 
Fractional Differential Equations: An 

Application-Oriented Exposition 
Using Differential Operators of 

Caputo Type, Springer, 2010
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Riemann Liouville definition

G.F.B. Riemann
(1826–1866)

J. Liouville
(1809–1882)
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According to Riemann-Liouville the notion of fractional integral of
order α (α > 0) for a function f (t), is a natural consequence of the
well known formula (Cauchy-Dirichlet ?), that reduces the calculation
of the n�fold primitive of a function f (t) to a single integral of
convolution type

Jna+f (t) :=
1

(n� 1)!

Z t

a
(t � τ)n�1 f (τ) dτ , n 2 N (1)

vanishes at t = a with its derivatives of order 1, 2, . . . , n 1 . Require f (t) 
and Jan+f (t) to be causal functions, that is, vanishing for t < a .

Extend to any positive real value by using the Gamma function,
(n� 1)! = Γ(n)
Fractional Integral of order α>0 (right-sided)

Jα
a+ f (t) :=

1
Γ (α)

Z t

a
(t � τ)α�1 f (τ) dτ , α 2 R (2)

De�ne J0a+ := I , J0a+ f (t) = f (t)
() July 2008 3 / 44
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Alternatively (left-sided integral)

Jα
b� f (t) :=

1
Γ (α)

Z b

t
(τ � t)α�1 f (τ) dτ , α 2 R

(a = 0, b = +∞) Riemann (a = �∞, b = +∞) Liouville
Let

Jα := Jα
0+

Semigroup properties JαJβ = Jα+β , α , β � 0
Commutative property JβJα = JαJβ

E¤ect on power functions
Jαtγ = Γ(γ+1)

Γ(γ+1+α)
tγ+α , α > 0 ,γ > �1 , t > 0

(Natural generalization of the positive integer properties).
Introduce the following causal function (vanishing for t < 0 )

Φα(t) :=
tα�1
+

Γ(α)
, α > 0

() July 2008 4 / 44
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Φα(t) � Φβ(t) = Φα+β(t) , α , β > 0

Jα f (t) = Φα(t) � f (t) , α > 0

Laplace transform

L ff (t)g :=
Z ∞

0
e�st f (t) dt = ef (s) , s 2 C

De�ning the Laplace transform pairs by f (t)� ef (s)
Jα f (t)�

ef (s)
sα

, α > 0
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Denote by Dn with n 2 N , the derivative of order n . Note that

Dn Jn = I , Jn Dn 6= I , n 2 N

Dn is a left-inverse (not a right-inverse) to Jn . In fact

Jn Dn f (t) = f (t)�
n�1
∑
k=0

f (k )(0+)
tk

k !
, t > 0

Then, de�ne Dα as a left-inverse to Jα. With a positive integer m ,
m� 1 < α � m , de�ne:
Fractional Derivative of order α : Dα f (t) := Dm Jm�α f (t)

Dα f (t) :=

(
dm
dtm

h
1

Γ(m�α)

R t
0

f (τ)
(t�τ)α+1�m

dτ
i
, m� 1 < α < m

dm
dtm f (t) , α = m
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De�ne D0 = J0 = I .
Then Dα Jα = I , α � 0

Dα tγ =
Γ(γ+ 1)

Γ(γ+ 1� α)
tγ�α , α > 0 ,γ > �1 , t > 0

The fractional derivative Dα f is not zero for the constant function
f (t) � 1 if α 62 N

Dα1 =
t�α

Γ(1� α)
, α � 0 , t > 0

Is � 0 for α 2 N, due to the poles of the gamma function
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Dα
� f (t) := Jm�α Dm f (t) with m� 1 < α � m , namely

Dα
� f (t) :=

(
1

Γ(m�α)

R t
0

f (m)(τ)
(t�τ)α+1�m

dτ, m� 1 < α < m
dm
dtm f (t) , α = m

A de�nition more restrictive than the one before. It requires the
absolute integrability of the derivative of order m. In general

Dα f (t) := Dm Jm�α f (t) 6= Jm�α Dm f (t) := Dα
� f (t)

unless the function f (t) along with its �rst m� 1 derivatives vanishes
at t = 0+. In fact, for m� 1 < α < m and t > 0 ,

Dα f (t) = Dα
� f (t) +

m�1
∑
k=0

tk�α

Γ(k � α+ 1)
f (k )(0+)

and therefore, recalling the fractional derivative of the power functions

Dα

 
f (t)�

m�1
∑
k=0

tk

k !
f (k )(0+)

!
= Dα

� f (t) , Dα
�1 � 0 , α > 0
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Dαtα�1 � 0 , α > 0 , t > 0

Dα is not a right-inverse to Jα

JαDαtα�1 � 0, but DαJαtα�1 = tα�1 , α > 0 , t > 0

Functions which for t > 0 have the same fractional derivative of
order α , with m� 1 < α � m . (the cj�s are arbitrary constants)

Dα f (t) = Dα g(t) () f (t) = g(t) +
m

∑
j=1
cj tα�j

Dα
� f (t) = D

α
� g(t) () f (t) = g(t) +

m

∑
j=1
cj tm�j

Formal limit as α ! (m� 1)+

α ! (m� 1)+ =) Dα f (t)! Dm J f (t) = Dm�1 f (t)

α ! (m� 1)+ =) Dα
� f (t)! J Dm f (t) = Dm�1 f (t)� f (m�1)(0+)
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The Laplace transform

Dα f (t)� sα ef (s)�m�1
∑
k=0

Dk J (m�α) f (0+) sm�1�k , m� 1 < α � m

Requires the knowledge of the (bounded) initial values of the
fractional integral Jm�α and of its integer derivatives of order
k = 1, 2,m� 1
For the Caputo fractional derivative

Dα
� f (t)� sα ef (s)� m�1

∑
k=0

f (k )(0+) sα�1�k , m� 1 < α � m

Requires the knowledge of the (bounded) initial values of the function
and of its integer derivatives of order k = 1, 2,m� 1 in analogy with
the case when α = m
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For functions with Fourier transform

F fφ (x)g =
^
φ (k) =

Z ∞

�∞
e ikxφ (x) dx

F�1
�
^
φ (k)

�
= φ (x) =

1
2π

Z ∞

�∞
e�ikx

^
φ (k) dx

Symbol of an operator

^
A (k)

^
φ (k) =

Z ∞

�∞
e ikxAφ (x) dx

For the Liouville integral

Jα
∞+ f (x) : =

1
Γ (α)

Z x

�∞
(x � ξ)α�1 f (ξ) dξ

Jα
∞� f (x) : =

1
Γ (α)

Z ∞

x
(ξ � x)α�1 f (ξ) dξ , α 2 R
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Riesz - Feller fractional derivative

Liouville derivatives (m� 1 < α < m)

Dα
∞� =

�
�
�
DmJm�α

∞�
�
f (x) , m odd�

DmJm�α
∞�

�
f (x) , m even

Operator symbols
^
Jα

∞� = jk j�α e�i (signk )απ/2 = (�ik)�α

^
Dα

∞� = jk j+α e�i (signk )απ/2 = (�ik)+α

^
Jα

∞+ +
^
Jα

∞� =
2 cos (απ/2)

jk jα

De�ne a symmetrized version

I α
0 f (x) =

Jα
∞+ f + J

α
∞� f

2 cos (απ/2)
=

1
2Γ (α) cos (απ/2)

Z ∞

�∞
jx � ξjα�1 f (ξ) dξ

(wth exclusion of odd integers). The operator symbol

is
^
I α
0 = jk j

�α
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I α
0 f (x) is called the Riesz potential.
De�ne the Riesz fractional derivative by analytical continuation

F fDα
0 f g (k) := F

�
�I�α

0 f
	
(k) = � jk jα

^
f (k)

generalized by Feller
Dα

θ =Riesz-Feller fractional derivative of order α and skewness θ

F fDα
0 f g (k) := �ψθ

α (k)
^
f (k)

with

ψθ
α (k) = jk j

α e i (signk )θπ/2, 0 < α � 2, jθj � min fα, 2� αg

The symbol �ψθ
α (k) is the logarithm of the characteristic function of

a Lévy stable probability distribution with index of stability α and
asymmetry parameter θ
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The allowed region for α and θ turns out to be a diamond in the
plane {α, θ} with vertices in the points (0; 0), (1; 1) (1;-1), (2; 0),
that we call the Feller-Takayasu diamond.
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We note that the minus sign has been put in order to recover for
α = 2 the standard second derivative. Indeed, noting that

−|κ|α = −(κ2)α/2 ,

we recognize that the Riesz fractional derivative of order α is the
opposite of the α/2-power of the positive definite operator − d2

dx2

Dα
0 = −

(
− d2

dx2

)α/2
.
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We would like to mention the ”illuminating” notation introduced
by Zaslavsky, see e.g. Saichev & Zaslavsky (1997) to denote our
Liouville and Riesz fractional derivatives

Dα
± =

dα

d(±x)α
, Dα

0 =
dα

d |x |α , 0 < α ≤ 2 .
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Recalling the fractional derivative in Riesz’s sense in terms of the
fractional Liouville derivatives

Dα
0 φ(x) := −Dα

+ φ(x) + Dα
− φ(x)

2 cos(απ/2)
, 0 < α < 1 , 1 < α < 2 ,

we get for it the following regularized representation, valid also in
α = 1 ,

Dα
0 φ(x) = Γ(1+α)

sin (απ/2)

π

∫ ∞
0

φ(x + ξ)− 2φ(x) + φ(x − ξ)

ξ1+α
dξ ,

0 < α < 2 .

We note that this formula has been derived by Gorenflo & Mainardi
(2000), and improves the corresponding formula in the book by
Samko, Kilbas & Marichev (1993) which is not valid for α = 1.
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From

Dφ (x) = lim
h!0

φ (x)� φ (x � h)
h

� � �

Dn = lim
h!0

1
hn

n

∑
k=0

(�1)k
�
n
k

�
φ (x � kh)

the Grünwal-Letnikov fractional derivatives are

GLD
α
a+ = lim

h!0

1
hα

[(x�a)/h]

∑
k=0

(�1)k
�

α
k

�
φ (x � kh)

GLD
α
b� = lim

h!0

1
hα

[(b�x )/h]

∑
k=0

(�1)k
�

α
k

�
φ (x + kh)

[�] denotes the integer part
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Abel�s equation (1st kind)

1
Γ (α)

Z t

0

u(τ)
(t � τ)1�α

dτ = f (t) , 0 < α < 1

The mechanical problem of the tautochrone, that is, determining a
curve in the vertical plane, such that the time required for a particle
to slide down the curve to its lowest point is independent of its initial
placement on the curve.
Found many applications in diverse �elds:
- Evaluation of spectroscopic measurements of cylindrical gas
discharges
- Study of the solar or a planetary atmosphere
- Star densities in a globular cluster
- Inversion of travel times of seismic waves for determination of
terrestrial sub-surface structure
- Inverse boundary value problems in partial di¤erential equations
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1
Γ (α)

Z t

0

u(τ)
(t � τ)1�α

dτ = f (t) , 0 < α < 1

Is
Jα u(t) = f (t)

and consequently is solved by

u(t) = Dα f (t)

using Dα Jα = I . Let us now solve using the Laplace transform

�
u(s)
sα

=
�
f (s) =) �

u(s) = sα
�
f (s)

The solution is obtained by the inverse Laplace transform: Two
possibilities :
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1)

�
u(s) = s

0@�
f (s)
s1�α

1A
u(t) =

1
Γ (1� α)

d
dt

Z t

0

f (τ)
(t � τ)α

dτ

2)
�
u(s) =

1
s1�α

[s
�
f (s)� f (0+)] + f (0

+)

s1�α

u(t) =
1

Γ (1� α)

Z t

0

f 0(τ)
(t � τ)α

dτ + f (0+)
t�α

Γ(1� a)
Solutions expressed in terms of the fractional derivatives Dα and Dα

� ,
respectively
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u(t) +
λ

Γ(α)

Z t

0

u(τ)
(t � τ)1�α

dτ = f (t) , α > 0 ,λ 2 C

In terms of the fractional integral operator

(1+ λ Jα) u(t) = f (t)

solved as

u(t) = (1+ λJα)�1 f (t) =

 
1+

∞

∑
n=1
(�λ)n Jαn

!
f (t)

Noting that

Jαn f (t) = Φαn(t) � f (t) =
tαn�1
+

Γ(αn)
� f (t)

u(t) = f (t) +

 
∞

∑
n=1
(�λ)n

tαn�1
+

Γ(αn)

!
� f (t)
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Relation to the Mittag-Le er functions

eα(t;λ) := Eα(�λ tα) =
∞

∑
n=0

(�λ tα)n

Γ(αn+ 1)
, t > 0 , α > 0 ,λ 2 C

∞

∑
n=1
(�λ)n

tαn�1
+

Γ(αn)
=
d
dt
Eα(�λtα) = e 0α(t;λ) , t > 0

Finally,
u(t) = f (t) + e 0α(t;λ)
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The different roles played by the R-L and C fractional derivatives
and consequently of the Mittag-Leffler functions are more clear
when the fractional generalization of the first-order differential
equation governing the exponential relaxation phenomena is
considered. Recalling (in non-dimensional units) the initial value
problem

du

dt
= −u(t) , t ≥ 0 , with u(0+) = 1 ,

whose solution is
u(t) = exp(−t) ,

the following three alternatives with respect to the R-L and C
fractional derivatives with α ∈ (0, 1) are offered in the literature:
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∗
0D

α
t u(t) = −u(t) , t ≥ 0 , with u(0+) = 1 , (a)

0D
α
t u(t) = −u(t) , t ≥ 0 , with lim

t→0+
0I

1−α
t u(t) = 1 , (b)

du

dt
= − 0D

1−α
t u(t) , t ≥ 0 , with u(0+) = 1 . (c)

In analogy with the standard problem (α = 1) we solve these three
problems with the Laplace transform.
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Problems (a) and (c) are equivalent since the Laplace transform of
the solution in both cases comes out to be

ũ(s) =
sα−1

sα + 1
, (a− c)

whereas in case (b) we get

ũ(s) =
1

sα + 1
= 1− s

sα−1

sα + 1
. (b)

The above Laplace transforms can be expressed in terms of
functions of Mittag-Leffler type (with λ = 1)

Eα(−λtα)÷ sα−1

sα + λ
, tβ−1 Eα,β(−λtα)÷ sα−β

sα + λ
,

Eα,β(−λtα) :=
∞∑
n=0

(−λtα)n

Γ(αn + β)
.
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Then we obtain in the equivalent cases (a) and (c) :

u(t) = ψα(t) := Eα(−tα) , , (a− c)

and in case (b) :

u(t) = φα(t) := t−(1−α) Eα,α (−tα) = − d

dt
Eα (−tα) , (b)

with t ≥ 0 and 0 < α < 1.

The plots of the solutions ψα(t) and φα(t) are shown hereafter for
some rational values of the parameter α, by adopting linear and
logarithmic scales.
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It is evident that for α→ 1− the solutions of the three initial value
problems reduce to the standard exponential function (1.38) since
in all cases ũ(s)→ 1/(s + 1).

However, case (b) is of minor interest from a physical view-point
since the corresponding solution (1.45) is infinite in the time-origin
for 0 < α < 1.

Whereas for the equivalent cases (a) and (c) the corresponding
solution shows a continuous transition to the exponential function
for any t ≥ 0 when α→ 1−, for the case (b) such continuity is lost.
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It is worth noting the algebraic decay of ψα(t) and φα(t) as
t →∞: 

ψα(t) ∼ sin(απ)

π

Γ(α)

tα
,

φα(t) ∼ sin(απ)

π

Γ(α + 1)

t(α+1)
,

t → +∞ . (1.46)
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Fractional di¤usion equation, obtained from the standard di¤usion
equation by replacing the second-order space derivative with a
Riesz-Feller derivative of order α 2 (0, 2] and skewness θ and the
�rst-order time derivative with a Caputo derivative of order β 2 (0, 2]

xDα
θ u(x , t) = tD

β
� u(x , t) , x 2 R , t 2 R+

0 < α � 2 , jθj � minfα, 2� αg , 0 < β � 2
Space-fractional di¤usion f0 < α � 2 , β = 1g
Time-fractional di¤usion fα = 2 , 0 < β � 2g
Neutral-fractional di¤usion f0 < α = β � 2g
Riesz-Feller space-fractional derivative

F fxDα
θ f (x); κg = �ψθ

α(κ)
bf (κ)

ψθ
α(κ) = jκjα e i (signk )θπ/2 , 0 < α � 2 , jθj � min fα, 2� αg
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Caputo time-fractional derivative

Dα
� f (t) :=

(
1

Γ(m�α)

R t
0

f (m)(τ)
(t�τ)α+1�m

dτ, m� 1 < α < m
dm
dtm f (t) , α = m

Cauchy problem

u(x , 0) = ϕ(x) , x 2 R , u(�∞, t) = 0 , t > 0

uθ
α,β(x , t) =

Z +∞

�∞
G θ

α,β(ξ, t) ϕ(x � ξ) dξ

G θ
α,β(ax , bt) = b

�γG θ
α,β(ax/bγ , t) , γ = β/α

Similarity variable x/tγ

G θ
α,β(x , t) = t

�γ K θ
α,β(x/tγ) , γ = β/α

() July 2008 26 / 44

Francesco MAINARDI Fractional Calculus: What is it? What is for?



Foreword
Historical origins of fractional calculus

Fractional calculus according to Riemann-Liouville and Caputo
Fractional calculus according to Riesz-Feller

Fractional calculus according to Grünwald-Letnikov
Abel integral equations

Fractional relaxation equations
Fractional diffusion and wave equationsFractional di¤usion equation

Solution by Fourier transform for the space variable and the Laplace
transform for the time variable

�ψθ
α(κ)

dgG θ
α,β = sβdgG θ

α,β � s
β�1

dgG θ
α,β =

sβ�1

sβ + ψθ
α(κ)

Inverse Laplace transform

dG θ
α,β (k, t) = Eβ

h
�ψθ

α(κ) t
β
i
, Eβ(z) :=

∞

∑
n=0

zn

Γ(β n+ 1)

G θ
α,β(x , t) =

1
2π

Z +∞

�∞
e�ikxEβ

h
�ψθ

α(κ) t
β
i
dk
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Particular cases
fα = 2 , β = 1g (Standard di¤usion)

G 02,1(x , t) = t
�1/2 1

2
p

π
exp[�x2/(4t)]

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=2
β=1
θ=0
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f0 < α � 2 , β = 1g (Space fractional di¤usion)
The Mittag-Le er function reduces to the exponential function and we
obtain a characteristic function of the class fLθ

α(x)g of Lévy strictly stable
densities bLθ

α(κ) = e
�ψθ

α(κ) , dG θ
α,1(κ, t) = e

�tψθ
α(κ)

The Green function of the space-fractional di¤usion equation can be
interpreted as a Lévy strictly stable pdf , evolving in time

G θ
α,1(x , t) = t

�1/α Lθ
α(x/t1/α) , �∞ < x < +∞ , t � 0

Particular cases:
α = 1/2 , θ = �1/2 , Lévy-Smirnov

e �s
1/2 L$ L�1/2

1/2 (x) =
x�3/2

2
p

π
e �1/(4x ) , x � 0

α = 1 , θ = 0 , Cauchy

e �jκj
F$ L01(x) =

1
π

1
x2 + 1

, �∞ < x < +∞

() July 2008 29 / 44

Francesco MAINARDI Fractional Calculus: What is it? What is for?



Foreword
Historical origins of fractional calculus

Fractional calculus according to Riemann-Liouville and Caputo
Fractional calculus according to Riesz-Feller

Fractional calculus according to Grünwald-Letnikov
Abel integral equations

Fractional relaxation equations
Fractional diffusion and wave equationsFractional di¤usion equation

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=0.50
β=1
θ=0

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=0.50
β=1
θ=0.50

() July 2008 30 / 44

Francesco MAINARDI Fractional Calculus: What is it? What is for?



Foreword
Historical origins of fractional calculus

Fractional calculus according to Riemann-Liouville and Caputo
Fractional calculus according to Riesz-Feller

Fractional calculus according to Grünwald-Letnikov
Abel integral equations

Fractional relaxation equations
Fractional diffusion and wave equationsFractional di¤usion equation

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=1
β=1
θ=0

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=1
β=1
θ=0.99

() July 2008 31 / 44

Francesco MAINARDI Fractional Calculus: What is it? What is for?



Foreword
Historical origins of fractional calculus

Fractional calculus according to Riemann-Liouville and Caputo
Fractional calculus according to Riesz-Feller

Fractional calculus according to Grünwald-Letnikov
Abel integral equations

Fractional relaxation equations
Fractional diffusion and wave equationsFractional di¤usion equation

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=1.50
β=1
θ=0

5 4 3 2 1 0 1 2 3 4 5
103

102

101

100

α=1.50
β=1
θ=0.50

() July 2008 32 / 44

Francesco MAINARDI Fractional Calculus: What is it? What is for?



Foreword
Historical origins of fractional calculus

Fractional calculus according to Riemann-Liouville and Caputo
Fractional calculus according to Riesz-Feller

Fractional calculus according to Grünwald-Letnikov
Abel integral equations

Fractional relaxation equations
Fractional diffusion and wave equationsFractional di¤usion equation

fα = 2 , 0 < β < 2g (Time-fractional di¤usion)

dG 02,β(κ, t) = Eβ

�
�κ2 tβ

�
, κ 2 R , t � 0

or with the equivalent Laplace transform

gG 02,β(x , s) = 1
2
sβ/2�1e�jx js

β/2
, �∞ < x < +∞ ,<(s) > 0

with solution

G 02,β(x , t) =
1
2
t�β/2Mβ/2

�
jx j/tβ/2

�
, �∞ < x < +∞ , t � 0

Mβ/2 is a function of Wright type of order β/2 de�ned for any order
ν 2 (0, 1) by

Mν(z) =
∞

∑
n=0

(�z)n
n! Γ[�νn+ (1� ν)]

=
1
π

∞

∑
n=1

(�z)n�1
(n� 1)! Γ(νn) sin(πνn)
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Space-time fractional di¤usion equation. Some examples
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