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Abstract
Motivated by certain recent extensions of Euler’s beta function, hypergeo-

metric and confluent hypergeometric functions, we extend Horn’s double hy-
pergeometric function by making use of extended Euler’s Beta function. We
then systematic investigate to present its properties such as various integral rep-
resentations of Euler and Laplace type, Mellin transforms, Laguerre polyno-
mial representation, transformation formulae and a recurrence relation. Also,
by means of Luke’s bounds for hypergeometric functions and various bounds
upon the Bessel functions appearing in the kernels of the newly established
integral representations, we deduce a set of bounding inequalities for the ex-
tended Horn’s double hypergeometric functions.

Introduction
In 1994, Chaudhry et al. [1, p. 20, Equation (1.7)] introduced the
p–extended Beta function as:

B(x, y ; p) :=

∫ 1

0
tx−1 (1− t)y−1 exp

(
− p

t(1− t)

)
dt (1)

(<(p) > 0; For p = 0, <(x) > 0, <(y) > 0),

and studied various properties and obtained certain connections with
Macdonald, error and Whittaker functions. Further more interesting
properties and various connections with higher transcendental func-
tions are investigated by Miller [6]. Here we call extended Beta func-
tion as p–extended Beta function.

In 2004, Chaudhry et al. [2] introduced the p–Gauss’s hypergeomet-
ric and p–Kummer’s confluent hypergeometric functions by making
use of the p–extended Beta function B(x, y ; p) as:

Fp (a, b; c; z) :=

∞∑
n=0

(a)n
B(b + n, c− b ; p)

B(b, c− b)
zn

n!
(2)

(
p = 0, |z| < 1 ; <(c) > <(b) > 0

)
and

Φp (b; c; z) :=

∞∑
n=0

B(b + n, c− b ; p)

B(b, c− b)
zn

n!
(3)(

p = 0 ; <(c) > <(b) > 0
)
.

They investigated these functions with various properties including dif-
ferentiation formulas, Mellin transform, transformation formulas, re-
currence relations, summation formula, asymptotic formulas and cer-
tain interesting connections with some well known special functions..

Main Objectives
In terms of the extended beta function B(x, y ; p) defined by (1), we
introduce extended Horn’s Double hypergeometric function H4,p as
follows: For α, β ∈ C and γ, γ′ ∈ C \ Z−0 , we have

H4,p[α, β; γ, γ′;x, y] =

∞∑
k,m=0

(α)2k+m

(γ)k

B(β + m, γ′ − β; p)

B(β, γ′ − β)

xk

k!

ym

m!

(4)(
p = 0; 2

√
r + s < 1, |x| ≤ r, |y| ≤ s when p = 0

)
.

Clearly, if put p = 0 in (4), we get the classical definition of Horn’s
Double hypergeometric function H4 [5, 11]:

H4[α, β; γ, γ′;x, y] =

∞∑
k,m=0

(α)2k+m(β)m
(γ)k(γ′)m

xk

k!

ym

m!
, (5)

(
2
√
r + s < 1, |x| ≤ r, |y| ≤ s

)
. We investigate to present its properties such as various integral rep-
resentations of Euler and Laplace type, Mellin transforms, Laguerre
polynomial representation, transformation formulae and a recurrence
relation. Also, by means of Luke’s bounds for hypergeometric func-
tions and various bounds upon the Bessel functions appearing in the
kernels of the newly established integral representations, we deduce a
set of bounding inequalities for the extended Horn’s double hypergeo-
metric functions.

Generalized Horn’s Double hypergeometric
function H4,p[x, y]

Integral Representations
Theorem 1. The following Euler integral representation forH4,p in (4)
holds true:

H4,p[α, β; γ; γ′;x, y] =

∫ 1

0

uβ−1(1− u)γ
′−β−1

B(β, γ′ − β) (1− yu)α

× 2F1

[
α

2
,
α

2
+

1

2
; γ′;

4x

(1− yu)2

]
exp

(
− p

u(1− u)

)
du (6)

(
<(p) > 0; <(γ′) > <(β) > 0 when p = 0

)
.

Theorem 2. The following Laplace type integral representation for
H4,p in (4) holds true:

H4,p[α, β; γ, γ′;x, y] =
1

Γ(α)

∫ ∞
0

tα−1e−t 0F1(−; γ;xt2) Φp(β; γ′; yt) dt

(7)(
<(p) > 0; <(α) > 0 when p = 0

)
.

Mellin transform
Theorem 3. The following Mellin transform representation of H4,p in
(4) holds true:

M
{
H4,p[α, β; γ, γ′;x, y] : p→ s

}
=

Γ(s)B(β + s, γ′ + s− β)

B(β, γ′ − β)

×H4[α, β + s; γ, γ′ + 2s;x, y] (8)

(<(s) > 0 and <(β + s) > 0, <(γ′ + s− β) > 0)

.

Laguerre polynomial representation
Theorem 4. The following Laguerre polynomial representation holds
true for <(p) > 0 and <(γ′ − β) > 0:

H4,p[α, β; γ, γ′;x, y] =
e−2p

B(β, γ′ − β)

∞∑
m,n=0

B(β + m + 1, γ′ − β + n + 1)

H4,p[α, β + m + 1; γ, γ′ + m + n + 2; x, y] Lm(p) Ln(p). (9)

Bounding Inequalities
Theorem 5. Let p > 0 and for all <(y) < 1, <(α) > 0 when p = 0.
Then under α + 1 > γ > 0 we have∣∣∣H4,p[α, β; γ, γ′;−x, y]

∣∣∣ ≤ Γ(γ) Γ(α− γ + 1) |x|
1−γ
2

√
2 Γ(α) e4p

×
{

1− β

γ′

(
1− (1− y)−α+γ−1

)}
. (10)

In the same parameter range for all x > 0 there holds true∣∣∣H4,p[α, β; γ, γ′;−x, y]
∣∣∣ ≤ Γ(γ) Γ(α− γ + 1) bL |x|

1−γ
2

3
√
γ − 1 Γ(α) e4p

×
{

1− β

γ′

(
1− (1− y)−α+γ−1

)}
. (11)

Conclusions
In this present talk, we extend Horn’s double hypergeometric function
by making use of extended Euler’s Beta function. We then systematic
investigate to present its properties such as various integral represen-
tations of Euler and Laplace type, Mellin transforms, Laguerre poly-
nomial representation, transformation formulae and a recurrence rela-
tion. Also, by means of Luke’s bounds for hypergeometric functions

and various bounds upon the Bessel functions appearing in the kernels
of the newly established integral representations, we deduce a set of
bounding inequalities for the extended Horn’s double hypergeometric
functions.
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