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Introduction

We consider

Dyu = A(t,x, Dy)u+ B(t,xz, Dy)u+ f(t,z), (t,x) €]0,T] x R",
ul_g=1uy, = €R",

, (1)

where n > 1, m > 2 and Dy = —idy, D, = —i0;. We assume that A(t,x, D;) =
(ai;(t, z, D;,;));.i"j:1 is an m x m matrix of continuously time dependent pseudo-differential
operators of order 1, i.e., a;; € C([0,T], \D%’O(IR”))) and that B(t, z, D) = (b;;(t, , D;,;));Z.:1 is
an m x m matrix of pseudo-differential operators of order 0, i.e., b;; € C([0,T], \I’?,o(Rn))~ We
also assume that the matrix A is upper triangular and hyperbolic, i.e.,

A(t,x,Dy) = A(t,x, D) + N(t, x, Dy)
— dl&g()\l(t, Ly DZIZ)? >\2(t7 L, DQZ)? R )‘m(ta L, DQZ)) T N<t7 L, DSIZ)

with real eigenvalues A\ (¢, x, &), Aao(t, x,€), ..., An(t, x, &) of A(t,z,&) and

/O a12(t,xz, Dy) ays(t,x, D) -+ apm(t,z, Dy) \
0 0 as(t,z,Dg) -+ agy(t, z, Dy)

N(t,z,Dy) = | : : : :

0 0 0 e 1m(t, 2, D)

\0 0 0 0

Furthermore, we introduce the following two hypotheses:

(H1) For the coefficients of the lower order term B(¢, x, D,):
the lower order terms b;; belong to C'(|0, 17, W) for i > j.

(H2) For some theorems, we assume that A does not depend on ¢,i.e. A = A(x, D,) and sat-
isfies: there exists M € N such that if \j(z,{) = A\g(z,§) for some j, k € {1,...,m} and
Aj(z,€) and Ai(z,§) are not identically equal near (z, §) then there exists some N < M
such that

Aj(@,€) = M@, &) = Hy () = (A Do D A Ha, €) #0, (H2)

where the Poisson bracket {-,-} in H f\v is iterated N times.
J

Well-posedness

In Garetto et al. [2018], we prove a well-posedness result for (1) under hypothesis (H1):

Theorem 1. Consider the Cauchy problem (1), where A(t,z,D,) and B(t,z, D) are as de-
scribed in the introduction and B(t,x, D,) satisfies (H1). If now u% e HPF=YR™) and f; €
C(0,T], HS*F=Y) for k = 1,...,m, then has a unigue anisotropic Sobolev solution u, i.e.,
up € C([0,T), HSFYfork=1,...,m.

This theorem is proved by making use of the triangular form, solving the last equation and
then iteratively building the solution of the system from the solutions to scalar equations.
For each characteristic A; of A, we denote by G?@ and G ;g the respective solution solution to

Dyw = \j(t,z, Dy)w + bj;(t, z, Dy)w, nd Dyw = Nj(t,z, Dy)w + bj(t, 2, Dy)w + g(t, z),
w(0,z) = 6(x), w(0,z) = 0.

The operators Gg and G can be microlocally represented by Fourier integral operators

GY9(t,z) = / e8¢, 1, €)0(€)de

and
t t
Gt z) = / / (i tSTE) ALt 5, 7, €)5i(s, €)dEds = / £;(t,5)g(s, x)ds,
0 0

where
£,(t, s)g(s, z) = / 955 A (s, 2, €)5(s, €)dE

with ¢;(t, 5, x, §) solving the eikonal equation

ng(S, 8,:13,5) = & 57 7 gpj(t?x,g) - gpj(tjojgj’g)

The amplitudes A; _(t, s, ,§) of order —k, k € N, giving A; ~ > /2 1 A, _;, and they satisfy
the usual transport equations with initial data at f = s, and we have a;(t,z,§) = A;(¢,0,z,¢).

The components of the solution u of (1) is given by a composition of the operators described
above together with principal part coetficients and lower order coetficients. That is where
hypothesis (H1) comes into play. For example in the case m = 2., we get

0
up = Uy + Gi((a2 + bio)us), 0 - |
{ Uy = US + Go(bajuy), J U+ ](f]>7 J ,

That then gives

uy = U} + Gi(a12Ga(borw)) + G1(b12Ga(borur))
U} = Gl + G1(f1) + Gi((ar2 + bi12)Uy).
One then gets to the final result by setting up a fixed point problem to which Banach’s fixed

point theorem can be applied. A general time interval |0, 7| can be iteratively covered since
the estimates involved for the G’s do only depend on the coetficients and not the initial data.
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Solution representations and regularity results

In the case of A = A(x, D), asking in addition to (H1) on the lower order terms also (H2) for
the principal part, the solutions of (1) can be represented explicitly modulo some smoothing
operators. Here, we state the principal results and refer to Garetto et al. [2020] for the details
and proofs.

Theorem 2. Consider (1) with A = A(x, D;) and B(t, x, D) satisfying properties described above
and let in addition (H1) and (H2) be satisfied. Let ugand f have components ug and f;, respectively,

with ug c H5"=HR"M) and fi € C([0, 7], HS=Y) for j = 1,...,m. Then, forany N € N, the
components u;, j = 1,...,m, of the solution u are given by

ujlt,2) = > (M) + Ryy(t)) uf + (K70 + 5140) fi

where R, S;; € L(HSC(0,T),HS™N=1)) and the operators ’Hé.’_lj, lCé;j <

L(C(0,T], H%),C([0,T], H~!%7)) are integrated Fourier Integral Operators of order | — j.

Using the explicit solution representations, we get

Theorem 3. et p € (1,00) and o« = (n — 1) ]lj — % . Consider (1) under (H1) and (H2). Then,

for any compactly supported vy € L5 N L%Omp, the solution u = u(t, x) of the Cauchy problem (1)
satisfies u(t, ) € L];OC, forallt € |0,T|. Moreover, there is a positive constant Cp such that

sup lu(t, )| ;2 < O llugll 2.
t€[0,T] o

Local estimates can be obtained in other spaces as well, for s € R and « as above. In detail,

assuming u below is compactly supported, we have that ug € LY, | implies u(t,-) € L%; that

n—1
ugp € C*7 implies u(t,:) € C% and, for 1 < p < ¢ < 2, that ug € L”

.1 iImplies

T 2

1. n
q'p

u(t,-) € LL.
Propagation of singularities

Operators of the form (][, G U@-))k, which appear in the solution representation above in the

operators H;_] , are of the general form

t t -1
Q) = / / / DOH@) dY ... dty, H(I) = etitiehnl=t) . . gihlti=tia) =il
0 0 0

For these operators, we have Q; € L(H?, {5tV where N(I) — +oo as | — +oo. The
singularities propagate along broken Hamiltonian flows.

Let J = {j1,..., 5111}, 1 < jp < m, ji # ji+1- From the definition of H(t), we have that its
canonical relation A C T*R" x T*R" is given by
t_ . ot t_ @l .. Bl -1 —1
A _{<:C7pay7€) ' (gj’p>—\lf(y7§)}’ N _q)jlo O(I)jl O(Djl+1
and the <I>§- are the transformations corresponding to a shift by ¢ along the trajectories of the
Hamiltonian flow defined by the A;.

Let ¢ ;(t, x, &) be the corresponding broken Hamiltonian flow. It means that points follow
bicharacteristics of \; until meeting the characteristic of A;,, and then continue along the
bicharacteristic of A jyr €tC.

Operators of the type (); can be rewritten as standard Fourier integral operators where the
domain of integration is not the whole space but a simplex. For those operators, following
arguments of Hérmander, we get WF(Iu) C (J; Aj(WF(u)). For details see Kamotski and
Ruzhansky [2007], Garetto et al. [2020].

Corollary 1. Let n > 1, m > 2, and consider (1) with A = A(z, D;;) under hypotheses (H1) and
(H2). Then, see above, we have an explicit representation of the solution u. Consequently, up to any
Sobolev order (depending on N), the wave front set of u; is given by

W E(u(t,-)) C (U WE(H <t>u?>) U (U WF</C§ﬂ<t>fz>> , 2)
=1 =1

with each of the wave front sets for terms in the right hand side of (2)) given by the propagation along
the broken Hamiltonian flow as described above.

Acknowledgements

The authors were supported in parts by the FWO Odysseus Project G.0H94.18N: Analysis
and Partial Differential Equations, the Leverhulme Trust Grant RPG-2017-151 and by EPSRC
Grant EP/R003025/1.

References

Claudia Garetto, Christian Jdh, and Michael Ruzhansky. Hyperbolic systems with non-

diagonalisable principal part and variable multiplicities, I: well-posedness. Mathematische
Annalen, pages 1432-1807, 2018. doi: 10.1007/s00208-018-1672-1.

Claudia Garetto, Christian Jdh, and Michael Ruzhansky. Hyperbolic systems with non-

diagonalisable principal part and variable multiplicities, II: Microlocal analysis. Journal
of Differential Equations, 269:7881-7905, 2020. doi: 10.1016/j.jde.2020.05.038.

Ilia Kamotski and Michael Ruzhansky. Regularity properties, representation of solutions,

and spectral asymptotics of systems with multiplicities. Comm. Partial Differential Equa-
tions, 32(1):1-35, 2007. doi: 10.1080/03605300600856816.



