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Abstract

Explicit solutions of differential equations of com-
plex fractional orders with continuous variable co-
efficients are established in [3]. The representations
of solutions are given in terms of some convergent
infinite series of fractional integro-differential oper-
ators, which can be widely and efficiently used for
analytic and computational purposes.
In the case of constant coefficients, the solution
is given by the multivariate Mittag-Leffler func-
tions and the obtained result extends the Luchko-
Gorenflo representation formula [2, Theorem 4.1]
to a general class of linear fractional differential
equations with variable coefficients, to complex frac-
tional derivatives, and to fractional derivatives with
respect to a given function.

Description

One of the many open problems in fractional cal-
culus is to present explicit solutions of fractional
differential equations (FDEs) with variable coeffi-
cients. Existence and uniqueness results for these
type problems can be found in the literature. How-
ever, in general, explicit representations of solutions
have been an essential gap in such problems. A few
papers have been published in this direction in the
last fifty years.
A modified method of successive approximations is
used to establish a unique analytic solution of gen-
eral FDEs of complex fractional orders with con-
tinuous variable coefficients. We follow some ideas
from [4] and [1]. A particular case of the obtained
result gives the Luchko-Gorenflo representation for-
mula [2, Theorem 4.1].

Modified fractional derivative with
respect to another function CDα,φ

0+ f (t)

Let α ∈ C with Re(α) > 0. Let Dα,φ
a+ f (t) be the

left-sided Riemann-Liouville fractional derivative of a
function f with respect to another function φ ([4]).
Then
CDα,φ

0+ f (t) = Dα,φ
0+

f (t)−
n−1∑
j=0

f
[j]
φ (0)
j!

(
φ(t)− φ(0)

)j ,

where n = −[−Re(α)] for α /∈ N, n = α for α ∈ N
and

f
[j]
φ (t) =

(
1

φ′(t)
d

dt

)j
f (t).

Fractional differential equations

We consider the following fractional differential equation with continuous variable coefficients (FDEC):

CDβ0,φ
0+ x(t) +

m∑
i=1

di(t)CDβi,φ
0+ x(t) = h(t), t ∈ [0, T ],

under the initial conditions (
1

φ′(t)
d

dt

)k
x(t)|

t=+0 = 0, k = 0, 1, . . . , n0 − 1,

where βi ∈ C, Re(βi) > 0, i = 0, 1, . . . ,m − 1, Re(β0) > Re(β1) > . . . > Re(βm) > 0 (If Re(βm) = 0,
then we assume Im(βm) = 0 as well) and ni are non-negative integers satisfying ni − 1 < Re(βi) 6 ni,
ni = bReβic + 1 (or ni = −b−Re(βi)c), i = 0, 1, . . . ,m.

Theorem

Let h, di ∈ C[0, T ], i = 1, . . . ,m. Then the initial value problem FDEC has a unique solution
x ∈ Cn0−1,β0[0, T ] and it is given by the formula

x(t) =
+∞∑
k=0

(−1)kIβ0,φ
0+

(
m∑
i=1

di(t)Iβ0−βi,φ
0+

)k

h(t),

whenever
m∑
i=1
‖di‖maxI

β0−βi,φ
0+ eνt 6 Ceνt for some ν > 0, where the constant 0 < C < 1 does not

depend on t. In the case of constant coefficients di(t) = λi ∈ C (i = 1, . . . ,m) we have:

x(t) =
∫ t

0
φ′(s)(φ(t)− φ(s))β0−1×

× E(β0−β1,...,β0−βm),β0(−λ1(φ(t)− φ(s))β0−β1, · · · ,−λm(φ(t)− φ(s))β0−βm)h(s)ds,
where E(a1,...,an),b(z1, . . . , zn) is the multivariate Mittag-Leffler function [2, Page 12].

Remark

The solution of the considered fractional differential
equation under the following more general initial con-
ditions(

1
φ′(t)

d

dt

)k
x(t)|

t=+0 = ck ∈ R, k = 0, 1, . . . , n0 − 1,

follows by the latter theorem and the superposition
principle. Several results can be established by the
consideration of different possible cases of the complex
orders.
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